Abstract-Brain oedema formation after ischaemia-reperfusion has been previously modelled by assuming that the blood vessels distribution in the brain as homogeneous. However, the blood vessels in the brain have variety of lengths and diameters, and this assumption should be reconsidered. One of the ways to improve this assumption is by taking into account the microstructure of the blood vessels and their distribution by formulating the model using asymptotic expansion homogenization (AEH) technique. In this paper, AEH of the vascularized poroelastic model is carried out to obtain a set of new homogenized macroscale governing equations and their associated microscale cell problems. An example of solving the microscale cell problems using a simple cubic geometry with embedded 6-branch cylinders representing brain tissue and capillaries is shown to obtain four important tensors L, Q, K, and G. These tensors describe the mechanical and fluid transport characteristics of the brain tissue, which will be used later to solve the homogenized macroscale equations on a larger brain geometry using appropriate boundary conditions. This method will be extended in the future to include statistically accurate capillary distribution of brain tissue.
I. INTRODUCTION
Poroelastic theory has been used to derive a mathematical model to describe brain tissue swelling due to oedema after an ischaemia-reperfusion injury [1] . This model has also been used to investigate the function of aquaporin-4 (AQP4) in the formation and elimination of brain oedema [2] . This model has been shown to provide potential to be used as a tool to predict suitable reperfusion treatment conditions to prevent brain oedema formation. In this model, however, the blood pressure is assumed homogeneous throughout the brain as well as the blood capillaries are assumed to have similar sizes, which considerably simplify the model. However, in the brain, it has been proven experimentally that the blood capillaries This research is funded by UMP Internal Grant RDU1703310. diameters are normally distributed with a mean of 6.23±1.3 µm [3] .
Asymptotic expansion homogenization (AEH) has been used in the Darcy's and Navier-Stokes models to derive a new set of homogenized governing equations and associated microscale cell problems [4] . This method is then applied by [5] on a cerebral capillary network generated by fitting the experimental data of [3] using Modified Spanning Tree Method (MSTM) [6] . They obtained the intersititial fluid permeability tensor, which is isotropic. The same method also has been used by [7] on an ideal capillary network to investigate the importance of capillary tortuosity in tumor. However, these applications did not take tissue displacement into account, which will make the model to be able to predict tissue movement and is important for the application of brain tissue swelling prediction.
Darcy's law is strongly related with the poroelastic theory by the inclusion of Biot's coefficient [8] . Hence, applying the AEH technique on poroelastic theory could enable the determination of tissue displacement as an effect of fluid transport in between the capillary and the interstitial. Application of AEH technique on vascularized poroelastic material has been done by [9] but more towards theoretical derivations. In this paper, water transport between the capillary and the interstitial fluid of brain tissue will be modelled using poroelastic theory and Navier-Stokes equation, and AEH technique will be applied to obtain a new set of homogenized macroscale governing equations and their associated microscale cell problems. The microscale cell problems are required to be solved first before the macroscale governing equations can be solved on a larger brain geometry. An example of solving the microscale cell problems on an ideal brain tissue with embedded capillary geometry will be shown in this paper.
II. METHODS

A. Governing Equations
Consider a vascularized brain tissue Ω = Ω t ∪ Ω c where Ω t and Ω c are the poroelastic brain tissue (which consists of interstitial fluid and solid matrix) and capillary network compartments, respectively. We assumed that the intercapillary distance d is much smaller than the average brain size L such that:
in which we can then define two independent spatial variables x and y representing the macro-and micro-scale, respectively, such that:
and
In addition, we define Γ = ∂Ω t ∩∂Ω c as the interface between the two compartments.
In the poroelastic compartment, the stress equilibrium is given as:
neglecting external body forces. Here, the stress tensor σ t is related with the solid matrix displacement u and the interstitial pressure P p such that:
where α is the Biot coefficient [cite 1] and C is the stiffness tensor of the solid matrix, which is related to u by:
Here, E and v are the Young's modulus and Poisson's ratio of the solid matrix. The interstitial pressure P t can then be related to the interstitial fluid velocity v t by Darcy's law:
where k and µ are the permeability of the poroelastic medium and fluid viscosity, respectively, and w t is the relative interstitial velocity such that:
Here, φ is the porosity of the medium. Using mass conservation for the poroelastic compartments to get:
where M is the relative compressibility of the interstitial fluid. Meanwhile, in the capillary network, the blood is assumed as an incompressible Newtonian fluid and the Navier-Stokes' law holds:
where σ c is the blood network stress tensor:
and v c , P c , and µ c are the velocity, pressure, and viscosity of blood. Assuming continuity of stresses on Γ between the two compartments, we get:
where n is the unit vector normal to the Γ surface. The normal component of the velocities at Γ follow the relationship below:
The fluid transport across Γ between the capillary network and poroelastic compartments is required, to model, for example, water transport across blood-brain barrier (BBB) into brain tissue interstitial during ischaemia-reperfusion [1] . This can be described as:
where L p measures the amount of fluid leaks from the capillary into the interstitial space.
In addition, we also consider the fluid slip over the porous surface, which can be modelled using the Beavers-JosephSaffman conditions [cite shipley] as:
where t is the tangential direction to Γ and β is the BeaversJoseph parameter.
B. Asymptotic Homogenization Technique
Equations (4) to (16) will first be non-dimensionalized before the asymptotic expansion homogenization (AEH) technique is applied. AEH is used to derive a new set of homogenized marcroscale governing equations for the PDE systems (3) to (15). The PDE variables P t , P c , w t , v c , u, σ t , and σ c are assumed to be functions in terms of x and y. Employing power series expansion for every variables (collectively denoted as F ) to get:
One important assumption here is that all of the PDE variables is periodic with respect to y We also define the cell average operator such that:
where |Ω| is the total volume of the microscale periodic cell and a = t, c. It should be noted that the volume fraction of a−portion of the cell is given by:
Using (17) c , and u (0) are y-constant, that is:
C. Microscale Cell Problems And Homogenized Macroscale Governing Equations
Through the AEH technique, the macroscale homogenized governing equations in the homgenized domain Ω H are obtained as below:
where the w 
The tensors L, Q, K, and G can be obtained by solving the following cell problems on a cell geometry independently: Laplace cell problem:
Stokes' cell problem:
One-elastic cell problem:
6-elastic cell problem:
Here, P t , P c , and a are auxiliary vectors, W is auxiliary second order tensor, and A is auxiliary third order tensor. It should be noted here that G, K and Q are second order tensors, while L is a fourth order tensor. These cell problems must be solved first on a cell geometry before the homogenized macroscale governing equations can be solved on a bigger brain geometry. In the next subsection, an example of solving these cell problems on a simple cubic cell geometry is shown.
D. Solving Microscale Cell Problems
A cubic cell geometry representing brain tissue is as shown in the Fig. 1 . To model the capillary embedded in the tissue, a simple 6-branch cylinders are drawn representing the capillary. In addition, the brain tissue mechanical properties are assumed to be linear elastic and have stiffness tensor C such that:
where v and E are Poisson's ratio and Young's modulus of brain tissue [10] . Table I shows the brain tissue geometrical and mechanical properties. Each of the cell problem will be solved one by one using COMSOL multiphysics standard PDE solvers. Standard P2-P1 discretization is used for the Stokes' cell problem, whereas for the other cell problems, a standard quadratic-Lagrange discretization is used.
III. RESULTS
A. Laplace Cell Problem
Solving Laplace cell problem (30) to (33) to obtain the tensor G, which in componentwise form is:
Solving for x-, y-, and z-components to obtain G 1j , G 2j , and G 3j , respectively. Figure 2 shows the distribution of P t1 solved on the poroelastic compartment. G is calculated as:
taking the non-diagonal elements as zero because it is much smaller than the diagonal elements.
B. Stokes' Cell Problem
Stokes' cell problem is solved to obtain the tensor K, which can be obtained by solving (38) componentwise such that:
Solving (34) to (37) in x-, y-, and z-components to obtain W 1j , W 2j , and W 3j , respectively. Figure 3 below shows the distribution of W 1 obtained in the capillary compartment when solving the Stokes' cell problem (34) to (37) in x-component. 
C. One-Elastic Cell Problem
Equations (39) to (41) are solved to obtain the tensor Q, which can be described in componentwise form as:
Solving the cell problem in x-, y-, and z-components to obtain a 1 , a 2 , and a 3 , respectively. Figure 4 shows the distribution of a 1 . Q is calculated as: 
D. 6-Elastic Cell Problem
Solving the 6-elastic cell problem (43) to (46) to get the fourth order tensor L, which has the following componentwise form:
The tensor L can be obtained by solving for k > l; k, l = 1, 2, 3 for x-, y-, and z-components. Figures 5 to 10 show the solutions for the cell problem for different i, j, k, l combinations. The tensor L can be rewritten in second order form using Voigt notation. Then, the following tensor can be calculated: which is isotropy because C elements being very large compared to L.
IV. DISCUSSION
Solving the microscale cell problems (30) to (46) are essential to obtain the tensors L, Q, K, and G before they can be used to solve the homogenized macroscale governing equations (23) to (28). The microscale cell problems must be solved in a brain tissue geometry. In this paper, an ideal cubic brain tissue embedded with 6-branch cylindrical capillaries is used as the geometry where the microscale cell problems are solved. In the future, the capillary can be made twisted and kinked to simulate the effect of capillary tortuosity as has been done by [7] . Further, the brain capillary distribution can also be considered by using the statistically accurate brain capillary network created in [6] to allow for a more accurate modelling of the brain oedema formation problem.
The tensors L, Q, K, and G, if compared with the poroelastic model used by [1] and [10] , have their own physical meanings. For examples, K and G are analogous to the interstitial fluid and blood permeability in the porous tissue, respectively. Meanwhile, the tensors L and Q are important in determining the analogous effective stiffness tensor and Biot coefficient, respectively. These four tensors depend greatly on the brain tissue compositions at microscale level. In this paper, the tensors K, G, and Q are isotropy, while L is not, however, its effect on the effective stiffness tensor is not significant enough to make it not isotropic. Further investigation using a more complex capillary configuration is needed to see the properties of these tensors and their effects on the macroscale governing equations.
V. CONCLUSION
The AEH technique has been applied on the vascularized poroelastic model for the application of brain oedema formation in the brain tissue. Microscale cell problems are obtained and have been solved on an ideal brain tissue geometry with blood capillary embedded inside. The tensors L, Q, K, and G are calculated as an example and their values are greatly affected by the capillary distribution in the brain tissue geometry, which will be the subject of a future work. 
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